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SIGMA FUNCTIONS AND LIE ALGEBRAS
OF SCHRO¨DINGER OPERATORS
V.M. BUCHSTABER, E.YU. BUNKOVA
Abstract. In the work by V.M.Buchstaber and D.V. Leikin [1] for any g > 0 is defined
a system of 2g multidimensional Schro¨dinger equations in magnetic fields with quadratic
potentials. This systems are equivalent to systems of heat equations in nonholonomic
frame. It is proved that such a system determines the sigma function of the universal
hyperelliptic curve of genus g. A polynomial Lie algebra with 2g Schro¨dinger operators
Q0, Q2, . . . , Q4g−2 as generators was introduced.
In this work for any g > 0 we obtain explicit expressions for Q0, Q2, Q4, and recurent
formulas for Q2k with k > 2 expressing this operators as elements of the polynomial Lie
algebra using Lie brackets of the operators Q0, Q2, and Q4.
As an application we obtain explicit expressions for the operators Q0, Q2, . . . , Q4g−2
for g = 1, 2, 3, 4.
Dedicated to the memory of remarkable mathematician
Viktor Zelikovich Enolskii (1945 - 2019),
who made a great contribution to the development and applications
of the theory of multidimensional sigma functions.
Viktor Enolskii’s contribution to mathematics, mathematical and theoretical physics,
including his results on the theory and applications of multidimensional sigma functions,
is described in a memorial article to appear in the Notices of AMS.
1. Introduction
We consider hyperelliptic curves of genus g ∈ N in the model
Vλ = {(x, y) ∈ C
2 : y2 = x2g+1 + λ4x
2g−1 + λ6x
2g−2 + . . .+ λ4gx+ λ4g+2}. (1)
The curve depends on the parameters λ = (λ4, λ6, . . . , λ4g, λ4g+2) ∈ C
2g. Let B ⊂ C2g be
the subspace of parameters such that the curve Vλ is nonsingular for λ ∈ B. Then we
have B = C2g\Σ, where Σ is the discriminant hypersurface of the universal curve.
For a meromorphic function f in Cg the vector ω ∈ Cg is a period if f(z + ω) = f(z)
for all z ∈ Cg. If a meromorphic function f has 2g independent periods in Cg, then f is
called an abelian function. Therefore an abelian function is a meromorphic function on
the complex torus T g = Cg/Γ, where Γ is the lattice formed by the periods.
For each λ ∈ B the set of periods of holomorphic differentials on the curve Vλ generates
a lattice Γλ of rank 2g in C
g. A hyperelliptic function of genus g (see [2, 3, 4]) is
a meromorphic function in Cg × B, such that for each λ ∈ B it’s restriction on Cg × λ
is an abelian function, where the torus T g is the Jacobian Jλ = C
g/Γλ of the curve Vλ.
We denote by F the field of hyperelliptic functions of genus g. For the properties of this
field, see [3, 4].
Key words and phrases. Schro¨dinger operators, polynomial Lie algebras, differentiation of abelian
functions over parameters.
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We denote the coordinates in Cg by z = (z1, z3, . . . , z2g−1). The indices of the coordi-
nates z = (z1, z3, . . . , z2g−1) ∈ C
g and of the parameters λ = (λ4, λ6, . . . , λ4g, λ4g+2) ∈ C
2g
determine their weights:
wt zk = −k, wt λk = k.
We denote by P the ring of polynomials in λ ∈ B ⊂ C2g.
We consider polynomial Lie algebras [5] of vector fields tangent to the discriminant Σ
in C2g. Their generators {L0, L2, L4, . . . , L4g−2} are the vector fields
L2k =
2g+1∑
s=2
v2k+2,2s−2(λ)
∂
∂λ2k
, where v2k+2,2s−2(λ) ∈ P.
At a point λ ∈ B this vector fields determine a 2g-dimensional nonholonomic frame. The
structure of a Lie algebra in the P -module with the generators 1, L0, L2, L4, . . . , L4g−2
is determined by the polynomial matrices V (λ) = (v2i,2j(λ)), where i, j = 1, . . . , 2g,
and C(λ) = {c2k2i,2j(λ)}, where i, j, k = 0, . . . , 2g − 1, such that
[L2i, L2j ] =
2g−1∑
k=0
c2k2i,2j(λ)L2k, [L2i, λ2q] = v2i+2,2q−2(λ), [λ2q, λ2r] = 0. (2)
Here λq is the operator of multiplication by the function λq in P .
We can find the explicit expressions for the matrix V (λ) in [6, §4.1] (see also [5] and [7,
Lemma 3.1]). For convenience, we assume that λs = 0 for all s /∈ {0, 4, 6, . . . , 4g, 4g + 2}
and λ0 = 1. For k,m ∈ {1, 2, . . . , 2g}, k 6 m, we set
v2k,2m(λ) =
k−1∑
s=0
2(k +m− 2s)λ2sλ2(k+m−s) −
2k(2g −m+ 1)
2g + 1
λ2kλ2m,
and for k > m we set v2k,2m(λ) = v2m,2k(λ).
The vector field L0 is the Euler vector field, namely, since wt λ2k = 2k, we have
[L0, λ2k] = 2kλ2k, [L0, L2k] = 2kL2k. (3)
This determines the weights of the vector fields Lk, namely wtL2k = 2k. The structure of
a Lie algebra described above gives in this case a graded polynomial Lie algebra [5] that
we denote by LL. The structure polynomials c
2s
2i,2j(λ) are described in [1, Theorem 2.5].
There is the well-known Lie–Witt algebra W> over the field of complex numbers C
generated by the operators l2i, where i = 0, 1, 2, . . ., with the commutation relations
[l2i, l2j ] = 2(j − i)l2(i+j).
With respect to the bracket [·, ·] the Lie–Witt algebra W> is generated by the three
operators l0, l2, l4. The graded polynomial Lie algebra LL over P is a deformation of
the Lie–Witt algebra W>. It is as well generated by only three operators L0, L2, and L4.
The relation holds (see Lemma 3.3):
[L2, L2k] = 2(k − 1)L2k+2 +
4(2g − k)
(2g + 1)
(λ2k+2L0 − λ4L2k−2) .
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Now we introduce the Schro¨dinger operators. We consider the space C3g with coor-
dinates (z, λ). We denote by C(z, λ) the ring of differentiable functions in z and λ. We
set
Q2k = L2k −H2k, k = 0, 1, 2, . . . , 2g − 1, (4)
where
H2k =
1
2
∑(
α
(k)
a,b(λ)∂a∂b + 2β
(k)
a,b (λ)za∂b + γ
(k)
a,b (λ)zazb
)
+ δ(k)(λ), (5)
and the summation is over odd a, b from 1 to 2g − 1. In [1] a solution to the following
problem is given:
Problem 1.1. Find the sufficient conditions on the data
{
α(i)(λ), β(i)(λ), γ(i)(λ), δ(i)(λ)
}
for the operators (4) to give a representation of Lie algebra (2) in the ring of operators
on C(z, λ).
Definition 1.1. The system of equations for ϕ = ϕ(z, λ)
Q2kϕ = 0 (6)
is called the system of heat equations. The operators Q2k are called Schro¨dinger operators.
We use the theory of hyperelliptic Kleinian functions (see [3, 8, 9, 10], and [11] for
elliptic functions). Take the coordinates (z, λ) in Cg × B ⊂ C3g. Let σ(z, λ) be the
hyperelliptic sigma function (or elliptic sigma function in genus g = 1 case). We denote
∂k =
∂
∂zk
. Following [2, 4, 12], we use the notation
ζk = ∂k ln σ(z, λ), ℘k1,...,kn = −∂k1 · · ·∂kn lnσ(z, λ), (7)
where n > 2, ks ∈ {1, 3, . . . , 2g − 1}. The functions ℘k1,...,kn provide us with examples of
hyperelliptic functions. The field F is the field of fractions of the ring of polynomials P
generated by the functions ℘k1,...,kn, where n > 2, ks ∈ {1, 3, . . . , 2g − 1}.
As shown in [1], a system of heat equations (6) for operators Q2k that give a solu-
tion to Problem 1.1 determines the hyperelliptic sigma function σ(z, λ), which allows to
construct the hyperelliptic Kleinian functions theory starting from such operators.
The construction of the operatorsQ2i in [1] uses the condition [1, equation (1.3)] stating
that the commutator of operators [Q2i, Q2j ] is determined by a formula over P with the
same coefficients as the formula for [L2i, L2j ], namely, the polynomial algebra generated
by the operators Q2i with i = 0, 1, ... is yet another realization of Lie–Witt algebra W>
deformation. Therefore, for an effective description of polynomial Lie algebra LQ one
needs to obtain explicit formulas for Q0, Q2, and Q4. These formulas are the main result
of this work. As an application, we give the explicit form for differential operators in the
case of universal hyperelliptic curve of genus 4.
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2. Generating functions for Schro¨dinger operators
In this section, in the case of the model (1) we present the explicit solution to Prob-
lem 1.1 from [1, Theorem 2.6]. We will shift the original notation to be consistent with
the formulas introduced in this work.
We denote by q(a(x), b(x)) the quotient in the Euclidean division of the polynomial
a(x) by the polynomial b(x) and by r(a(x), b(x)) the residue in the Euclidean division of
the polynomial a(x) by the polynomial b(x). We set (see (1))
f(x) = x2g+1 +
2g−1∑
k=0
λ2(2g+1−k)x
k
and define the generating functions for the operators L2k and H2k:
L(x) = x2g−1
2g−1∑
k=0
x−kL2k, H(x) = x
2g−1
2g−1∑
k=0
x−kH2k. (8)
For Ri(x) = x
g−i+1∂xq(f(x), x
2g−2i+2) we set
h(x) =
g∑
i=1
xg−i∂2i−1 +Ri(x)z2i−1,
t(x) =
1
2
g∑
i=1
(g − i+ 1)z22i−1q(Ri(x), x
g−i+2)+
+
g−1∑
i=1
g∑
j=i+1
(g − j + 1)z2j−1q(x
g−i∂2i−1 +Ri(x)z2i−1, x
g−j+2).
Then we have the relation (see [1, Theorem 2.6]):
H(x) = r
(
−
1
4
f ′′(x) + 2f(x)t(x) +
1
2
h(x) ◦ h(x), f ′(x)
)
, (9)
where ◦ denotes the composition of operators.
The function Q(x) = L(x)−H(x) is the generating function for Shro¨dinger operators.
Lemma 2.1. For Schro¨dinger operators, in (5) we have
α
(k)
a,b(λ) = 1, if a+ b = 2k, and a, b ∈ 2N+ 1,
α
(k)
a,b(λ) = 0, if a+ b 6= 2k, and a, b ∈ 2N+ 1,
δ(k)(λ) =
(
−
1
4
(2g − k + 1)(2g − k) +
1
2
(
g +
[
k + 1
2
]
− k
)(
g −
[
k + 1
2
]))
λ2k.
Proof. The coefficient at ∂a∂b in H(x) comes from the summand
1
2
h(x)◦h(x), by expand-
ing we get
∑g
i=1
∑g
j=1 x
2g−i−j∂2i−1∂2j−1. Thus from (8) we get the expressions for α
(k)
a,b(λ).
The expression for δ(k)(λ) is obtained from the summands −1
4
f ′′(x) and 1
2
h(x) ◦ h(x).
The first gives −1
4
(2g−k+1)(2g−k)λ2k and the second gives
1
2
(g+
[
k+1
2
]
−k)(g−
[
k+1
2
]
)λ2k,
which results in the answer. 
Remark 2.2. We will later show that for Schro¨dinger operators, in (5) we have
β
(k)
a,b (λ) is a linear function in λ,
γ
(k)
a,b (λ) is a quadratic function in λ.
See Lemma 3.2.
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3. Explicit form for Schro¨dinger operators
Recall that in our notation λs = 0 for all s /∈ {0, 4, 6, . . . , 4g, 4g + 2} and λ0 = 1.
Theorem 3.1. We have the explicit expressions:
H0 =
g∑
s=1
(2s− 1)z2s−1∂2s−1 −
g(g + 1)
2
;
H2 =
1
2
∂21 +
g−1∑
s=1
(2s− 1)z2s−1∂2s+1 −
4
2g + 1
λ4
g−1∑
s=1
(g − s)z2s+1∂2s−1+
+
g∑
s=1
(
2s− 1
2
λ4s −
2(g − s + 1)
2g + 1
λ4λ4s−4
)
z22s−1;
H4 = ∂1∂3 +
g−2∑
s=1
(2s− 1)z2s−1∂2s+3 + λ4
g−1∑
s=1
(2s− 1)z2s+1∂2s+1−
−
6
2g + 1
λ6
g−1∑
s=1
(g − s)z2s+1∂2s−1+
+
g∑
s=1
(
(2s− 1)λ4s+2 −
3(g − s+ 1)
2g + 1
λ6λ4s−4
)
z22s−1+
+
g−1∑
s=1
(2s− 1)λ4s+4z2s−1z2s+1 −
g(g − 1)
2
λ4.
Proof. The explicit expressions for α
(k)
a,b(λ) and δ
(k)(λ) are obtained in Lemma 2.1. We
see that for k = 0, 1, 2 they coincide with the ones given in the Theorem. Recall λ0 = 1,
λ2 = 0.
In (9) the coefficient at z2j−1∂2i−1 is equal to
r(2(g − j + 1)f(x)q(xg−i, xg−j+2) + xg−iRj(x), f
′(x)).
For H0 we are interested in the coefficient at x
2g−1 of this polynomial, for H2 in the
coefficient at x2g−2 and for H4 in the coefficient at x
2g−3.
For j < i+ 1 the polynomial is equal to
r(xg−iRj(x), f
′(x)) = xg−iRj(x)
because the degree of the polynomial Rj(x) in x is g + j − 1 and the degree of f
′(x) is
2g. Therefore we get the coefficient (2j − 1) in j = i for H0, in j = i− 1 for H2, and in
j = i − 2 for H4, as well as the coefficient (2j − 3)λ4 in j = i > 2 for H4, all the other
coefficients being zero.
For j = i+ 1 the polynomial is equal to
r(xg−iRj(x), f
′(x)) = r(x2g−2i∂xq(f(x), x
2g−2i), f ′(x)) =
= r((2i+ 1)x2g, f ′(x)) +
2g−1∑
k=2g−2i+1
(k − 2g + 2i)λ2(2g+1−k)x
k−1 =
= −
2i+ 1
2g + 1
2g−1∑
k=0
kλ2(2g+1−k)x
k−1 +
2g−1∑
k=2g−2i+1
(k − 2g + 2i)λ2(2g+1−k)x
k−1.
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Therefore the coefficient for H0 is zero, the coefficient for H2 is −
4
2g+1
(g − i)λ4, the
coefficient for H4 is −
6
2g+1
(g − i)λ6.
For j > i+ 2 the polynomial is equal to
r(2(g − j + 1)xj−i−2f(x) + x2g−i−j+1∂xq(f(x), x
2g−2j+2), f ′(x)) =
= r(f ′(x)xj−i+1 +
2g−2j+2∑
k=0
(2g − 2j + 2− k)λ2(2g+1−k)x
k+j−i−2, f ′(x)) =
=
2g−2j+2∑
k=0
(2g − 2j + 2− k)λ2(2g+1−k)x
k+j−i−2.
As j > i+ 2 > 3, the coefficients for H0, H2 and H4 are zero.
In (9) the coefficient at z22i−1 is equal to
r
(
(g − i+ 1)f(x)q(Ri(x), x
g−i+2) +
1
2
Ri(x)
2, f ′(x)
)
. (10)
For i = 1 we note that R1(x) = x
g and the expression (10) takes the form
1
2
r
(
x2g, f ′(x)
)
= −
1
2(2g + 1)
2g−1∑
k=1
kλ2(2g+1−k)x
k−1.
In this expression the coefficient at x2g−1 is zero, the coefficients at x2g−2 and x2g−3 provide
the corresponding coefficients for H2 and H4 at z
2
1 .
For i > 1 we have
r
(
(g − i+ 1)f(x)q(Ri(x), x
g−i+2) +
1
2
Ri(x)
2, f ′(x)
)
=
= r
(1
2
Ri(x)x
−g+i−1
(
2(g − i+ 1)x−1f(x) + xg−i+1Ri(x)
)
−
− (g − i+ 1)f(x)x−1r(x−g+i−1Ri(x), x), f
′(x)
)
=
= r
(1
2
Ri(x)x
−g+i−1
(
f ′(x) + x−1
2g−2i+1∑
k=0
(2g − 2i+ 2− k)λ2(2g+1−k)x
k
)
−
− (g − i+ 1)f(x)x−1r(x−g+i−1Ri(x), x), f
′(x)
)
=
=
1
2
Ri(x)x
−g+i−1
(
x−1
2g−2i+1∑
k=0
(2g − 2i+ 2− k)λ2(2g+1−k)x
k
)
−
− (g − i+ 1)r(x−g+i−1Ri(x), x)x
−1(f(x)− x2g+1)−
− (g − i+ 1)r(x−g+i−1Ri(x), x)r
(
x2g, f ′(x)
)
=
=
1
2
Ri(x)x
−g+i−1
(
x−1
2g−2i+1∑
k=0
(2g − 2i+ 2− k)λ2(2g+1−k)x
k
)
−
− (g− i+1)λ4(i−1)x
−1
(
2g−1∑
k=0
λ2(2g+1−k)x
k
)
+
(g − i+ 1)
(2g + 1)
λ4(i−1)
(
2g−1∑
k=1
kλ2(2g+1−k)x
k−1
)
.
This is a polynomial of degree 2g − 2. Therefore the coefficient for H0 is zero. The coef-
ficients for H2 and H4 coincide with the corresponding coefficient given in the Theorem.
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In (9) the coefficient at z2i−1z2j−1, j > i, is equal to
r
(
Ri(x)x
−g+j−2
(
2(g − j + 1)f(x) + xg−j+2Rj(x)
)
, f ′(x)
)
=
r
(
Ri(x)x
−g+j−2
(
xf ′(x) +
2g−2j+1∑
k=0
(2g − 2j + 2− k)λ2(2g+1−k)x
k
)
, f ′(x)
)
=
= Ri(x)x
−g+j−2
(
2g−2j+1∑
k=0
(2g − 2j + 2− k)λ2(2g+1−k)x
k
)
.
The degree of this polynomial is equal to 2g + i− j − 2 6 2g − 3, and the equality holds
for j = i+1. Therefore the coefficients for H0 and H2 are zero, and the coefficient for H4
for j = i+ 1 is (2i− 1)λ4i+4. 
Lemma 3.2. For Schro¨dinger operators, in (5) we have
β
(k)
a,b (λ) is a linear function in λ,
γ
(k)
a,b (λ) is a quadratic function in λ.
The proof follows from the explicit expressions in the proof of Theorem 3.1.
Lemma 3.3. The relation holds:
[L2, L2k] = 2(k − 1)L2k+2 +
4(2g − k)
(2g + 1)
(λ2k+2L0 − λ4L2k−2) . (11)
Proof. We have
L2k = 2
k+1∑
m=2
(
m−2∑
s=0
(k +m− 2s)λ2sλ2(k+m−s) −
(m− 1)(2g − k)
2g + 1
λ2(k+1)λ2(m−1)
)
∂
∂λ2m
+
+ 2
2g+1∑
m=k+2
(
k∑
s=0
(k +m− 2s)λ2sλ2(k+m−s) −
(k + 1)(2g −m+ 2)
2g + 1
λ2(k+1)λ2(m−1)
)
∂
∂λ2m
;
L2 =
2g+1∑
m=2
(
2(m+ 1)λ2(m+1) −
4(2g −m+ 2)
2g + 1
λ4λ2(m−1)
)
∂
∂λ2m
.
Now we obtain (11) by a direct calculation of the coefficients. 
Corollary 3.4. For k = 3, 4, 5, . . . , 2g − 1 the formula holds
Q2k =
1
2(k − 2)
[Q2, Q2k−2]−
2(2g − k + 1)
(k − 2)(2g + 1)
(λ2kQ0 − λ4Q2k−4) . (12)
This determines the operators Q2k for k = 3, 4, 5, . . . , 2g − 1 recurently and explicitly.
Proof. The operators Q2k by construction (see Section 2) give a solution to Problem 1.1.
The expression (12) is equivalent to (11) rewritten in Q2k. 
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4. Explicit formulas for Schro¨dinger operators in nonholonomic frame
The following operators can be found in [1, 2, 13, 14] for genus g = 1, in [2, 13, 14] for
genus g = 2, in [7, 15] for genus g = 3. The genus g = 4 case is new. It follows from the
formulas given in Section 3.
4.1. Schro¨dinger operators for genus g = 1.
In this case, the explicit formulas for {H2k} in (4) are
H0 = z1∂1 − 1; H2 =
1
2
∂21 −
1
6
λ4z
2
1 .
4.2. Schro¨dinger operators for genus g = 2.
In this case, the explicit formulas for {H2k} in (4) are
H0 = z1∂1 + 3z3∂3 − 3;
H2 =
1
2
∂21 −
4
5
λ4z3∂1 + z1∂3 −
3
10
λ4z
2
1 +
(
3
2
λ8 −
2
5
λ24
)
z23 ;
H4 = ∂1∂3 −
6
5
λ6z3∂1 + λ4z3∂3 −
1
5
λ6z
2
1 + λ8z1z3 +
(
3λ10 −
3
5
λ4λ6
)
z23 − λ4;
H6 =
1
2
∂23 −
3
5
λ8z3∂1 −
1
10
λ8z
2
1 + 2λ10z1z3 −
3
10
λ4λ8z
2
3 −
1
2
λ6.
4.3. Schro¨dinger operators for genus g = 3.
In this case, the explicit formulas for {H2k} in (4) are
H0 = z1∂1 + 3z3∂3 + 5z5∂5 − 6;
H2 =
1
2
∂21 −
8
7
λ4z3∂1 +
(
z1 −
4
7
λ4z5
)
∂3 + 3z3∂5+
−
5
14
λ4z
2
1 +
(
3
2
λ8 −
4
7
λ24
)
z23 +
(
5
2
λ12 −
2
7
λ4λ8
)
z25 ;
H4 = ∂1∂3 −
12
7
λ6z3∂1 +
(
λ4z3 −
6
7
λ6z5
)
∂3 + (z1 + 3λ4z5) ∂5 −
2
7
λ6z
2
1+
+ λ8z1z3 +
(
3λ10 −
6
7
λ4λ6
)
z23 + 3λ12z3z5 +
(
5λ14 −
3
7
λ6λ8
)
z25 − 3λ4;
H6 =
1
2
∂23 + ∂1∂5 −
9
7
λ8z3∂1 −
8
7
λ8z5∂3 + (λ4z3 + 2λ6z5) ∂5 −
3
14
λ8z
2
1 + 2λ10z1z3+
+
(
9
2
λ12 −
9
14
λ4λ8
)
z23 + λ12z1z5 + 6λ14z3z5 +
(
3
2
λ4λ12 −
4
7
λ28
)
z25 − 2λ6;
H8 = ∂3∂5 −
(
6
7
λ10z3 − λ12z5
)
∂1 −
10
7
λ10z5∂3 + λ8z5∂5 −
1
7
λ10z
2
1 + 3λ12z1z3+
+
(
6λ14 −
3
7
λ4λ10
)
z23 + 2λ14z1z5 + λ4λ12z3z5 +
(
3λ4λ14 + λ6λ12 −
5
7
λ8λ10
)
z25 − λ8;
H10 =
1
2
∂25 −
(
3
7
λ12z3 − 2λ14z5
)
∂1 −
5
7
λ12z5∂3−
−
1
14
λ12z
2
1 + 4λ14z1z3 −
3
14
λ4λ12z
2
3 + 2λ4λ14z3z5 +
(
2λ6λ14 −
5
14
λ8λ12
)
z25 −
1
2
λ10.
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4.4. Schro¨dinger operators for genus g = 4.
In this case, the explicit formulas for {H2k} in (4) are
H0 = z1∂1 + 3z3∂3 + 5z5∂5 + 7z7∂7 − 10;
H2 =
1
2
∂21 + z1∂3 + 3z3∂5 + 5z5∂7 −
4
9
λ4 (3z3∂1 + 2z5∂3 + z7∂5)−
−
7
18
λ4z
2
1 +
(
3
2
λ8 −
2
3
λ24
)
z23 +
(
5
2
λ12 −
4
9
λ4λ8
)
z25 +
(
7
2
λ16 −
2
9
λ4λ12
)
z27 ;
H4 = ∂1∂3 + z1∂5 + 3z3∂7 + λ4 (z3∂3 + 3z5∂5 + 5z7∂7)−
2
3
λ6 (3z3∂1 + 2z5∂3 + z7∂5)−
−
1
3
λ6z
2
1 + λ8z1z3 + (3λ10 − λ4λ6) z
2
3 + 3λ12z3z5 +
(
5λ14 −
2
3
λ6λ8
)
z25+
+ 5λ16z5z7 +
(
7λ18 −
1
3
λ6λ12
)
z27 − 6λ4;
H6 =
1
2
∂23 + ∂1∂5 −
5
3
λ8z3∂1 −
16
9
λ8z5∂3+
+
(
λ4z3 + 2λ6z5 −
8
9
λ8z7
)
∂5 + (z1 + 3λ4z5 + 4λ6z7) ∂7−
−
5
18
λ8z
2
1 + 2λ10z1z3 + λ12z1z5 −
(
5
6
λ4λ8 −
9
2
λ12
)
z23 + 6λ14z3z5 + 3λ16z3z7+
+
(
3
2
λ4λ12 −
8
9
λ28 +
15
2
λ16
)
z25 + 10λ18z5z7 −
(
4
9
λ8λ12 −
5
2
λ4λ16
)
z27 −
9
2
λ6;
H8 = ∂3∂5 + ∂1∂7 −
(
4
3
λ10z3 − λ12z5
)
∂1 −
20
9
λ10z5∂3+
+
(
λ8z5 −
10
9
λ10z7
)
∂5 + (λ4z3 + 2λ6z5 + 3λ8z7) ∂7−
−
2
9
λ10z
2
1 + 3λ12z1z3 + 2λ14z1z5 + λ16z1z7 −
(
2
3
λ4λ10 − 6λ14
)
z23+
+ (λ4λ12 + 9λ16) z3z5 + 6λ18z3z7 −
(
10
9
λ8λ10 − λ6λ12 − 3λ4λ14 − 10λ18
)
z25+
+ 3λ4λ16z5z7 −
(
5
9
λ10λ12 − 2λ6λ16 − 5λ4λ18
)
z27 − 3λ8;
H10 =
1
2
∂25 + ∂3∂7 − (λ12z3 − 2λ14z5 − λ16z7)∂1 −
5
3
λ12z5∂3−
−
4
3
λ12z7∂5 + (λ8z5 + 2λ10z7)∂7+
−
1
6
λ12z
2
1 + 4λ14z1z3 + 3λ16z1z5 + 2λ18z1z7 −
(
1
2
λ4λ12 −
15
2
λ16
)
z23+
+ (2λ4λ14 + 12λ18) z3z5 + λ4λ16z3z7 −
(
5
6
λ8λ12 − 2λ6λ14 −
9
2
λ4λ16
)
z25+
+ (2λ6λ16 + 6λ4λ18)z5z7 −
(
2
3
λ212 −
3
2
λ8λ16 − 4λ6λ18
)
z27 − 2λ10;
9
H12 = ∂5∂7 −
(
2
3
λ14z3 − 3λ16z5 − 2λ18z7
)
∂1 −
(
10
9
λ14z5 − λ16z7
)
∂3−
−
14
9
λ14z7∂5 + λ12z7∂7−
−
1
9
λ14z
2
1 + 5λ16z1z3 + 4λ18z1z5 −
(
1
3
λ4λ14 − 9λ18
)
z23+
+ 3λ4λ16z3z5 + 2λ4λ18z3z7 −
(
5
9
λ8λ14 − 3λ6λ16 − 6λ4λ18
)
z25+
+ (λ8λ16 + 4λ6λ18) z5z7 −
(
7
9
λ12λ14 − λ10λ16 − 3λ8λ18
)
z27 − λ12;
H14 =
1
2
∂27 −
(
1
3
λ16z3 − 4λ18z5
)
∂1 −
(
5
9
λ16z5 − 2λ18z7
)
∂3 −
7
9
λ16z7∂5−
−
1
18
λ16z
2
1 + 6λ18z1z3 −
1
6
λ4λ16z
2
3 + 4λ4λ18z3z5 −
(
5
18
λ8λ16 − 4λ6λ18
)
z25+
+ 2λ8λ18z5z7 −
(
7
18
λ12λ16 − 2λ10λ18
)
z27 −
1
2
λ14.
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5. Application: Differentiation operators for genus g = 4
Recall that F is the field of hyperelliptic functions of genus g. In this section we
consider the problem of constructing the Lie algebra of derivations of F , i.e. to find 3g
independent differential operators L such that LF ⊂ F . The exposition to the problem,
as well as a general approach to the solution was developed in [13, 14]. An overview
is given in [4]. In [16, 2, 12] an explicit solution to this problem has been obtained for
g = 1, 2, 3. Here we give an explicit answer to this problem in the genus g = 4 case.
We introduce a ring of functions Rϕ. The generators of this graded ring over Q[λ]
are the functions ψk1...kn = −∂k1 · · ·∂kn lnϕ, where n > 2, ks ∈ {1, 3, . . . , 2g − 1}, and
wtψk1...kn = k1 + . . .+ kn, wt λk = k. We introduce the operators:
L0 = L0 − z1∂1 − 3z3∂3 − 5z5∂5 − 7z7∂7;
L2 = L2 − ψ1∂1 +
4
3
λ4z3∂1 −
(
z1 −
8
9
λ4z5
)
∂3 −
(
3z3 −
4
9
λ4z7
)
∂5 − 5z5∂7;
L4 = L4 − ψ3∂1 − ψ1∂3−
+ 2λ6z3∂1 −
(
λ4z3 −
4
3
λ6z5
)
∂3 −
(
z1 + 3λ4z5 −
2
3
λ6z7
)
∂5 − (3z3 + 5λ4z7) ∂7;
L6 = L6 − ψ5∂1 − ψ3∂3 − ψ1∂5+
+
5
3
λ8z3∂1 +
16
9
λ8z5∂3 −
(
λ4z3 + 2λ6z5 −
8
9
λ8z7
)
∂5 − (z1 + 3λ4z5 + 4λ6z7) ∂7;
L8 = L8 − ψ7∂1 − ψ5∂3 − ψ3∂5 − ψ1∂7 +
(
4
3
λ10z3 − λ12z5
)
∂1+
+
20
9
λ10z5∂3 −
(
λ8z5 −
10
9
λ10z7
)
∂5 − (λ4z3 + 2λ6z5 + 3λ8z7) ∂7;
L10 = L10 − ψ7∂3 − ψ5∂5 − ψ3∂7+
+ (λ12z3 − 2λ14z5 − λ16z7)∂1 +
5
3
λ12z5∂3 +
4
3
λ12z7∂5 − (λ8z5 + 2λ10z7)∂7;
L12 = L12 − ψ7∂5 − ψ5∂7+
+
(
2
3
λ14z3 − 3λ16z5 − 2λ18z7
)
∂1 +
(
10
9
λ14z5 − λ16z7
)
∂3 +
14
9
λ14z7∂5 − λ12z7∂7;
L14 = L14 − ψ7∂7 +
(
1
3
λ16z3 − 4λ18z5
)
∂1 +
(
5
9
λ16z5 − 2λ18z7
)
∂3 +
7
9
λ16z7∂5.
Denote the Lie algebra with this generators by LL.
Theorem 5.1. If the function ϕ satisfies the system of heat equations in a nonholo-
nomic frame for genus 4, then the algebra LL is an algebra of derivations of the ring Rϕ.
The proof follows the proof of Theorem 5.9 in [15].
Corollary 5.2. For g = 4 the algebra LL for ϕ = σ is an algebra of derivations of F .
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We set
w0,1 = ψ1, w0,3 = 3ψ3, w2k,5 = 5ψ5, w0,7 = 7ψ7,
w2,1 =
1
2
ψ111 + ψ3 −
7
9
λ4z1,
w2,3 =
1
2
ψ113 −
4
3
λ4ψ1 + 3ψ5 +
(
3λ8 −
4
3
λ24
)
z3,
w2,5 =
1
2
ψ115 −
8
9
λ4ψ3 + 5ψ7 +
(
5λ12 −
8
9
λ4λ8
)
z5,
w2,7 =
1
2
ψ117 −
4
9
λ4ψ5 +
(
7λ16 −
4
9
λ4λ12
)
z7.
w4,1 = ψ113 + ψ5 −
2
3
λ6z1 + λ8z3,
w4,3 = ψ133 − 2λ6ψ1 + λ4ψ3 + 3ψ7 + λ8z1 + (6λ10 − 2λ4λ6) z3 + 3λ12z5,
w4,5 = ψ135 −
4
3
λ6ψ3 + 3λ4ψ5 + 3λ12z3 +
(
10λ14 −
4
3
λ6λ8
)
z5 + 5λ16z7,
w4,5 = ψ137 −
2
3
λ6ψ5 + 5λ4ψ7 + 5λ16z5 +
(
14λ18 −
2
3
λ6λ12
)
z7.
w6,1 =
1
2
ψ133 + ψ115 + ψ7 −
5
9
λ8z1 + 2λ10z3 + λ12z5;
w6,3 =
1
2
ψ333 + ψ135 −
5
3
λ8ψ1 + λ4ψ5 + 2λ10z1 −
(
5
3
λ4λ8 − 9λ12
)
z3 + 6λ14z5 + 3λ16z7;
w6,5 =
1
2
ψ335 + ψ155 −
16
9
λ8ψ3 + 2λ6ψ5 + 3λ4ψ7+
+ λ12z1 + 6λ14z3 +
(
3λ4λ12 −
16
9
λ28 + 15λ16
)
z5 + 10λ18z7;
w6,7 =
1
2
ψ337 + ψ157 −
8
9
λ8ψ5 + 4λ6ψ7 + 3λ16z3 + 10λ18z5 −
(
8
9
λ8λ12 − 5λ4λ16
)
z7.
w8,1 = ψ135 + ψ117 −
4
9
λ10z1 + 3λ12z3 + 2λ14z5 + λ16z7;
w8,3 = ψ335 + ψ137 −
4
3
λ10ψ1 + λ4ψ7+
+ 3λ12z1 −
(
4
3
λ4λ10 − 12λ14
)
z3 + (λ4λ12 + 9λ16) z5 + 6λ18z7;
w8,5 = ψ355 + ψ157 + λ12ψ1 −
20
9
λ10ψ3 + λ8ψ5 + 2λ6ψ7 + 2λ14z1+
+ (λ4λ12 + 9λ16) z3 −
(
20
9
λ8λ10 − 2λ6λ12 − 6λ4λ14 − 20λ18
)
z5 + 6λ4λ16z7;
w8,7 = ψ357 + ψ177 −
10
9
λ10ψ5 + 3λ8ψ7+
+ λ16z1 + 6λ18z3 + 3λ4λ16z5 −
(
10
9
λ10λ12 − 4λ6λ16 − 10λ4λ18
)
z7;
12
w10,1 =
1
2
ψ155 + ψ137 −
1
3
λ12z1 + 4λ14z3 + 3λ16z5 + 2λ18z7;
w10,3 =
1
2
ψ355 + ψ337 − λ12ψ1+
+ 4λ14z1 − (λ4λ12 − 15λ16) z3 + (2λ4λ14 + 12λ18) z5 + λ4λ16z7;
w10,5 =
1
2
ψ555 + ψ357 + 2λ14ψ1 −
5
3
λ12ψ3 + λ8ψ7 + 3λ16z1+
+ (2λ4λ14 + 12λ18) z3 −
(
5
3
λ8λ12 − 4λ6λ14 − 9λ4λ16
)
z5 + (2λ6λ16 + 6λ4λ18)z7;
w10,7 =
1
2
ψ557 + ψ377 + λ16ψ1 −
4
3
λ12ψ5 + 2λ10ψ7+
+ 2λ18z1 + λ4λ16z3 + (2λ6λ16 + 6λ4λ18)z5 −
(
4
3
λ212 − 3λ8λ16 − 8λ6λ18
)
z7;
w12,1 = ψ157 −
2
9
λ14z1 + 5λ16z3 + 4λ18z5;
w12,3 = ψ357 −
2
3
λ14ψ1 + 5λ16z1 −
(
2
3
λ4λ14 − 18λ18
)
z3 + 3λ4λ16z5 + 2λ4λ18z7;
w12,5 = ψ557 + 3λ16ψ1 −
10
9
λ14ψ3 + 4λ18z1+
+ 3λ4λ16z3 −
(
10
9
λ8λ14 − 6λ6λ16 − 12λ4λ18
)
z5 + (λ8λ16 + 4λ6λ18) z7;
w12,7 = ψ577 + 2λ18ψ1 + λ16ψ3 −
14
9
λ14ψ5 + λ12ψ7+
+ 2λ4λ18z3 + (λ8λ16 + 4λ6λ18) z7 −
(
14
9
λ12λ14 − 2λ10λ16 − 6λ8λ18
)
z7;
w14,1 =
1
2
ψ177 −
1
9
λ16z1 + 6λ18z3;
w14,3 =
1
2
ψ377 −
1
3
λ16ψ1 + 6λ18z1 −
1
3
λ4λ16z3 + 4λ4λ18z5;
w14,5 =
1
2
ψ577 + 4λ18ψ1 −
5
9
λ16ψ3 + 4λ4λ18z3 −
(
5
9
λ8λ16 − 8λ6λ18
)
z5 + 2λ8λ18z7;
w14,7 =
1
2
ψ777 + 2λ18ψ3 −
7
9
λ16ψ5 + 2λ8λ18z5 −
(
7
9
λ12λ16 − 4λ10λ18
)
z7.
We obtain a genus g = 4 analog of Theorems 4.1, 4.2 and 4.3 from [15].
Theorem 5.3. For g = 4 a solution ϕ of the system of heat equations (6) gives
a solution (ψ1, ψ3, ψ5, ψ7) = (∂1 lnϕ, ∂3 lnϕ, ∂5 lnϕ, ∂7 lnϕ) of the system of nonlinear
differential equations that we call an analog of the Burgers equation for g = 4:
L2k(ψ1, ψ3, ψ5, ψ7) = (w2k,1, w2k,3, w2k,5, w2k,7), k = 0, 1, 2, 3, 4, 5, 6, 7. (13)
The proof is the result of direct computation.
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